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Introduction
Throughout this article, we assume that E is a real Banach space, C is a nonempty closed convex subset of E. In the sequel, we use F(T) to denote the set of fixed points of a mapping T, and use R and R + to denote the set of all real numbers and the set of all nonnegative real numbers, respectively.
Recall that a mapping T : C C is said to be nonexpansive if, ||Tx − Ty|| ≤ ||x − y||, ∀x, y ∈ C.
T is called asymptotically nonexpansive if, there exists a sequence {ν n } ⊂ (0, ∞) with lim n ∞ ν n = 0 such that for all x, y C ||T n x − T n y|| ≤ (1 + ν n )||x − y||, ∀n ≥ 1.
The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [1] as a generalization of the class of nonexpansive mappings. They proved that if C is a nonempty closed and convex bounded subset of a real uniformly convex Banach space and T : C C is an asymptotically nonexpansive mapping, then T has a fixed point.
A mapping T : C C is said to be asymptotically nonexpansive in the intermediate sense [2] , if it is continuous and the following inequality holds: If F(T) ≠ ∅ and (1.1) holds for all x C, y F(T), then T is called asymptotically quasi-nonexpansive in the intermediate sense. Observe that if we define a n := sup x,y∈C ( ||T n x − T n y|| − ||x − y||) and σ n = max{0, a n }, (1:2) then s n 0 as n ∞ and (1.1) reduces to ||T n x − T n y|| ≤ ||x − y|| + σ n , ∀x, y ∈ C, n ≥ 1.
(1:
3)
The class of asymptotically nonexpansive in the intermediate sense was introduced by Bruck et al. [2] . It is known [3] that if C is a nonempty closed and convex bounded subset of a uniformly convex Banach space E and T : C C is asymptotically nonexpansive in the intermediate sense, then T has a fixed point. It is worth mentioning that the class of mappings which are asymptotically nonexpansive in the intermediate sense contains properly the class of asymptotically nonexpansive mappings.
Recently, Alber et al. [4] introduced the concept of total asymptotically nonexpansive mappings which is more general than asymptotically nonexpansive mappings and studied the approximation methods of fixed points for this kind of mappings. Definition 1.1 A mapping T : C C is said to be total asymptotically nonexpansive if, there exist nonnegative real sequences {ν n } and {μ n } with ν n 0, μ n 0 as n ∞ and a strictly increasing continuous function ζ : R + → R + with ζ(0) = 0 such that for all x, y C,
If F(T) ≠ ∅ and (1.4) holds for all x C, y F(T), then T is called total asymptotically quasi-nonexpansive. Remark 1.2 If ζ(t) = t, t ≥ 0, then (1.4) reduces to
In addition, if μ n = 0, ∀n ≥ 1, then total asymptotically nonexpansive mappings coincide with asymptotically nonexpansive mappings. If ν n = μ n = 0, ∀n ≥ 1, then total asymptotically nonexpansive mappings coincide with nonexpansive mappings. If ν n = 0 and μ n = s n := max{0, a n }, where a n is defined by (1.2), then (1.4) reduces to (1.3) which has been studied as asymptotically nonexpansive mappings in the intermediate sense.
Within the past 30 years, research on iterative approximation of common fixed points of nonexpansive mappings, asymptotically nonexpansive mappings and asymptotically quasi-nonexpansive mappings have been considered by many authors (see, for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] and the references therein).
Especially, recently Chidume and Ofoedu [13, 14] introduced the following iterative scheme for approximation of a common fixed point of a finite family of total asymptotically nonexpansive mappings in Banach spaces which extend and generalize the corresponding results of Kirk [3] , Alber et al. [4] , Quan et al. [5] , Shahzad et al. [6] , Chang et al. [9] , Jung [10] , Shioji et al. [11] , Suzuki [12] , and Schu [19] . Theorem 1.3 [ [13, 14] ] Let E be a real Banach space, C be a nonempty closed convex subset of E and T i : C C, i = 1, 2, ..., m be m total asymptotically nonexpansive mappings with sequences {ν in }, {μ in }, i = 1, 2, ..., m, such that
(1:5)
.., m and suppose that there exist
Then the sequence {x n } is bounded and lim n ∞ ||x n -p|| exists, p ∈ F. Moreover, the sequence {x n } converges strongly to a common fixed point of T i , i = 1, 2, ..., m if and only if 13, 14] ] Let E be a uniformly convex real space, C be a nonempty closed convex subset of E, and T i : C C, i = 1, 2, ..., m be m uniformly continuous total asymptotically nonexpansive mappings with sequences {ν in },
.., m and that one of T 1 , T 2 , ..., T m is compact, then {x n } converges strongly to some p ∈ F.
It is our purpose in this article to construct a new iterative sequence much simpler than (1.5) for approximation of common fixed points of a countable family of total asymptotically nonexpansive mappings and give necessary and sufficient conditions for the convergence of the scheme to common fixed points of the mappings in arbitrary real Banach spaces. As well as a sufficient condition for convergence of the iteration process to a common fixed point of mappings under the setting of uniformly convex Banach space is also established. The results presented in the article not only generalize and improve the corresponding results of Chidume et al. [13] [14] [15] but also unify, extend and generalize the corresponding result of [3] [4] [5] [6] [7] [9] [10] [11] [12] 19 ].
Preliminaries
For the sake of convenience we first give the following lemmas which will be needed in proving our main results.
Lemma 2.1 [ [20] ] Let E be a uniformly convex Banach space, r >0 be a positive number and B r (0) be a closed ball of E. Then, for any sequence {x i } ∞ i=1 ⊂ B r (0) and for any sequence {λ i } ∞ i=1 of positive numbers with ∞ n=1 λ n = 1, there exists a continuous, strictly increasing and convex function g : [0, 2r) [0, ∞), g(0) = 0 such that for any positive integers i, j ≥ 1, i ≠ j, the following holds:
Lemma 2.2 Let {a n }, {b n }, and {l n } be sequences of nonnegative real numbers such that
where n 0 is some positive integer. If ∞ n=1 λ n < ∞ and ∞ n=1 b n < ∞, then {a n } is bounded and lim n ∞ a n exists. Moreover, if, in addition, lim inf n ∞ a n = 0, then lim n ∞ a n = 0.
Main results
Definition 3.1 Let E be a real Banach space, C be a nonempty closed convex subset of E.
(1) Let {T i } be a countable family of mappings from C into itself. {T i } is said to be uniformly total asymptotically quasi-nonexpansive mappings if, F := ∞ i=1 F(T i ) = ∅, and there exist nonnegative real sequences {ν n } and {μ n } with ν n 0, μ n 0 as n ∞ and a strictly increasing continuous function ζ : R + → R + with ζ(0) = 0 such that for all x C, p ∈ F,
(2) A mapping T : C C is said to be uniformly L-Lipschitz continuous, if there exists a constant L >0 such that
Let {T i } be a countable family of uniformly total asymptotically quasi-nonexpansive mappings from C into itself and for each i ≥ 1, T i is uniformly L i -Lipschitz continuous. For any given x 0 C, we define an iterative sequence {x n } by
(3:2) Theorem 3.2 Let E be a real Banach space, C be a nonempty closed convex subset of E. Let {T n } ∞ n=1 be a countable family of uniformly total asymptotically quasi-nonexpansive mappings from C into itself with nonnegative real sequences {ν n } and {μ n } and a strictly increasing continuous function ζ : (1) for each p ∈ F, lim n ∞ ||x n -p|| exists; (2) the sequence {x n } converges strongly to a common fixed point x * ∈ F if and only if lim inf n→∞ d(x n , F) = 0, where d(x n , F) = inf y∈F ||x n − y||, n ≥ 1.
Proof.
(1) For any n ≥ 0 and for any given p ∈ F we have
Denoting by M = sup n≥0,p∈F {||x n || + ||x n − p||} < ∞ , from (3.2) we have
where g n = ν n ζ(M) + μ n . By the assumption,
(3:5)
It follows from Lemma 2.2 that lim n ∞ ||x n -p|| exists. The conclusion (1) is proved.
(2) From (3.5) we have that
Then Lemma 2.2 implies that lim n→∞ d(x n , F) exists. By the assumption that lim inf
This completes the proof of Theorem 3.2. Theorem 3.3 Let E, C, {T n } ∞ n=1 , F be the same as in Theorem 3.2. If there exist constants K, K* >0 such that ζ(t) ≤ K*t, ∀t ≥ K, then the sequence {x n } defined by (3.2) is bounded and so the conclusions of Theorem 3.2 still hold.
Proof In fact, from (3.2) for any given p ∈ F, we have that
By the assumption, it is easy to see that
This implies that
Therefore, we have where ξ n = ν n ζ(K) + μ n . Substituting (3.6) into (3.3) and simplifying, we have that
By Lemma 2.2, for each p ∈ F, lim n ∞ ||x n -p|| exists, and so {x n } is bounded. The conclusions of Theorem 3.3 can be obtained from Theorem 3.2 immediately.
From Theorem 3.3 we can obtain the following result: Corollary 3.4 Let E, C be as in Theorem 3.2. Let T i : C C, i = 1, 2, ..., m be m total asymptotically quasi-nonexpansive mappings with nonnegative real sequences {ν in }, {μ in } and a strictly increasing continuous function ζ i :
..., m. Let {x n } be the sequence defined by: Proof Let ν n = max 1≤i≤m ν in , μ n = max 1≤i≤m μ in and ζ = max 1≤i≤m ζ i , then If the space E is uniformly convex, and one of {T i } is compact, then we can obtain the following more better result. Theorem 3.5 Let E be a uniformly convex real Banach space, C be a nonempty closed convex subset of E and {T i } ∞ i=1 be a countable family of uniformly total asymptotically quasi-nonexpansive mappings from C into itself with nonnegative real sequences {ν n } and {μ n } and a strictly increasing continuous function ζ : (1) lim n→∞ ||x n − T n j x n || = 0 uniformly in j ≥ 1, (2) the sequence {x n } converges strongly to some point p ∈ F. Proof (1) Since {x n } and F both are bounded and the norm ||·|| 2 is convex, for any given p ∈ F, it follows from (3.2) that
By Lemma 2.1, for any positive integer j ≥ 1 we have
where
First substituting (3.11) into (3.10), then substituting (3.10) into (3.9) and simplifying we have that
This together with Theorem 3.2 (1) shows that for each j ≥ 1
By conditions (b) and lim inf b n,0 b n, i > 0 for any i ≥ 1, this implies that
By the property of g, we have that
12)
The conclusion (1) is proved.
(2) From (3.2) we have
For any given ε >0, from (3.12) there exists a positive integer n 0 such that ||x n − T n i x n || < ε for all n ≥ n 0 , and any i ≥ 1.
This together with (3.13) yields that
By the assumption that, there exists a mapping in {T i } which is compact. Without loss of generality, we can assume that T 1 is compact. Thus, there exists a subsequence {T (3.14) , lim k→∞ ||x n k +1 − x n k || = 0, it follows that lim k→∞ x n k +1 = x * . Next, we prove that x * ∈ F. In fact, for each i ≥ 1, since T i is uniformly L i -Lipschitz continuous, we have
(3:15)
Therefore, we have x* = T i x*, for each i ≥ 1. This implies that x * ∈ F. But by Theorem 3.2, for each p ∈ F, lim n ∞ ||x n -p|| exists. Hence {x n } converges strongly to x * ∈ F. This completes the proof of Theorem 3.5.
Remark 3.6 By the same way as given in the proof of Theorem 3.3, we can prove that if the condition " {x n } is bounded" in Theorem 3.5 is replaced by the condition "if there exist constants K, K* >0 such that ζ(t) ≤ K*t, ∀t ≥ K", then the conclusions of Theorem 3.5 still hold.
Definition 3.7 Let {T i } be a family of mappings from C into itself.
(1) {T i } is said to be a family of uniformly asymptotically nonexpansive mappings if, there exists a sequence of nonnegative real numbers {ν n } with ν n 0 (as n ∞) such that for any x, y C and for any i ≥ 1
(2) {T i } is said to be a family of uniformly asymptotically nonexpansive in the intermediate sense if, for each i ≥ 1, T i is continuous and there exists a sequence {s n } of nonnegative real numbers with s n 0 (as n ∞) such that for any x, y C and for
From Theorem 3.5 and Remark 3.6 we can obtain the following Theorem 3.8 Let E, C be the same as in Theorem 3.5. Let {T i } be a countable family of uniformly asymptotically nonexpansive mappings from C into itself with nonnegative real sequences {ν n } such that F := Proof. Letting μ n = 0, ∀n ≥ 1, ζ(t) = t, t ≥ 0, K = 0, and K* = 1, therefore we have ||T 
